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UNRESTRICTED PRODUCTS OF
CONTRACTIONS IN BANACH SPACES
Pei-Kee Lin
Abstract. Let X be a reflexive Banach space such that for any x 6= 0 the set
{x∗ ∈ X∗ : ‖x∗‖ = 1 and x∗(x) = ‖x‖}
is compact. We prove that any unrestricted product of of a finite number of (W )
contractions on X converges weakly.
Recall a (bounded) linear operator on a Banach space X is said to be contraction
if ‖Tx‖ ≤ ‖x‖ for all x ∈ X . T is said to satisfy condition (W ) if {xn} is bounded
and ‖xn‖ − ‖Txn‖ converges to 0 implies xn − Txn converges to 0 weakly. An
algebraic semigroup S generated by a (possibly infinite) set of contractions is said
to satisfy condition (W ) if for any bounded sequence of vectors {xn} ⊆ X and a
sequence of words {Wn} from S such that ‖xn‖−‖Wnxn‖ converges to 0, xn−Wnxn
converges to 0 weakly. Let {T1, T2, . . . , TN} be N (W )-contractions on X , and let r
be a mapping from the set of natural numbers N onto {1, 2, . . . , N}, which assumes
each value infinitely often. An unrestricted (or random) product of these operators
is the sequence {Sn : n = 1, 2, . . . } defined by
Sn = Tr(n)Tr(n−1) . . . Tr(1).
John von Neumann [8] proved that if T1 and T2 are orthogonal projections on
Hilbert space, and if {Sn} is a random product of {T1, T2}, then Sn converges
strongly. Amemiya and Ando [1] extended this result by showing if {Sn} is a
random product of finite (W )-contractions on Hilbert space, then Sn converges
weakly. On the other hand, Bruck [2] showed that a random product of infinite
(W )-contractions on Hilbert space is not necessary to be convergent weakly. One
may ask the following question.
Question 1. Does every random product of finite number of (W )-contractions on
a reflexive Banach space X converge weakly?
Recently, J. M. Dye, A. Khamsi, and S. Reich [4] showed the answer is positive
if X is smooth. Indeed, they proved that if X is a smooth reflexive Banach space,
and {T1, T2, · · · , TN} are N (W )-contractions on X , then
(i) there is a contraction projection Q of X onto the common fixed point set
such that QTj = TjQ for 1 ≤ j ≤ N ;
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(ii) the semigroup S = S(T1, T2, · · · , TN) generated by {T1, T2, · · · , TN} has
property (W );
(iii) for any random product Sn drawn from {T1, T2, · · · , TN}, Snx converges to
Qx weakly.
But the following example shows (i) is not true in general.
Example 1. Let X = ℓ21 and let {e1, e2} be the natural basis of ℓ
2
1. T1 and T2 are
the contractions defined by
T1(ae1 + be2) =(a+
b
2
)e1
T2(ae1 + be2) =(a+
b
3
)e1.
It is easy to see that T1 and T2 are (W )-contractions. But both T1 and T2 are
contraction porjections onto the common fixed point set. Hence, there is no con-
traction projection Q onto {ae1 : a ∈ R} such that Q commutes with T1 and T2.
But any random product drawn from T1 and T2 converges weakly (strongly).
In this article, we modify their ideas and we prove that if X is a reflexive Banach
space such that for any x 6= 0 the set
{x∗ ∈ X∗ : ‖x∗‖ = 1 and x∗(x) = ‖x‖}
is compact, then any random product of finite number of (W )-contractions on X
converges weakly.
The proof is base on the following four lemmas.
Lemma 1. Let {T1, T2, · · · , TN} be N contractions and let Y be the common fixed
point set. For any bounded sequence {xn : n ∈ N} in X and any sequence of
words {Wn : n ∈ N} from the semigroup S = S(T1, T2, · · · , TN), let Z
∗ be the set
consisting of all x∗ such that
(iv) x∗ is supporting at some point y ∈ Y ;
(v) the set {W ∗nx
∗ : n ∈ N} is relatively compact.
If Z∗ separates the points of Y and if both {xn} and {Wnxn} converge weakly to
some points in Y , say u and v. Then u = v.
Proof. Suppose that u 6= v. Then there is z∗ ∈ Z∗ such that z∗(u) 6= z∗(v). Since
{W ∗nz
∗ : n ∈ N} is compact, by passing to a subsequence if necessarily, we may
assume that W ∗nz
∗ converges to w∗. Since Y is the common fixed point set,
W ∗nz
∗|Y = z
∗|Y , and z
∗|Y = w
∗|Y .
Hence,
z∗(v) = lim
n→∞
z∗(Wnxn) = lim
n→∞
(W ∗nz
∗)(xn) = lim
n→∞
w∗(xn) = w
∗(u) = z∗(u).
This is a contradiction. So u = v. 
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Lemma 2. Let T be a (W)-contraction on X and let {xn} be a weakly convergent
sequence. If ‖xn‖ − ‖Txn‖ converges to 0, then the weak limit of {xn} is a fixed
point of T .
Proof. Since T is linear,
w- lim
n→∞
Txn = T (w- lim
n→∞
xn).
On the other hand, T is a (W )-contraction and ‖xn‖ − ‖Txn‖ converges to 0. So
w- lim
n→∞
(xn − Txn) = 0.
This implies w-limn→∞ xn is a fixed point of T . 
Lemma 3. (Proposition 6 [4]) Let {T1, T2, · · · , TN} be N (W )-contractions such
that for any proper subset A of {1, 2, · · · , N}, the semigroup generated by {Tj :
j ∈ A} satisfies property (W ). Suppose that {xn} is a bounded sequence in X and
{Wn} is a sequence of words from S = S(T1, T2, · · · , TN} such that
(vi) {xn} converges weakly to u, and {Wnxn} converges weakly to v;
(vii) limn→∞ ‖xn‖ − ‖Wnxn‖ = 0.
If u 6= v, then both u and v are common fixed points of {T1, T2, · · · , TN}.
Proof. We claim that Wk is complete (in T1, T2, · · · , TN) except finite number of k.
Assume it is not true. By passing to a subsequence of {Wn} and reindexing of
the Tj ’s, we may assume that Wn ⊆ S(T1, T2, · · · , TN−1). But S(T1, T2, · · · , TN−1)
has property (W ). (vii) implies
w- lim
n→∞
(xn −Wnxn) = 0.
Hence, u = v. This is a contradiction.
By passing to a subsequence of {Wn}, we may assume there exist words Tj ,
Tj′ , Fn ∈ S(T1, · · · , Tj−1, Tj+1, · · · , TN), F
′
n ∈ S(T1, · · · , Tj′−1, Tj′+1, · · · , TN),
and W ′n ∈ S = S(T1, · · · , TN ) such that Wn = (· · · )TjFn = F
′
nTj′W
′
n.
Note:
‖xn‖ − ‖Wnxn‖ ≥‖xn‖ − ‖TjFnxn‖ ≥ ‖xn‖ − ‖Fnxn‖,
‖xn‖ − ‖Wnxn‖ ≥‖xn‖ − ‖TjFnxn‖ ≥ ‖Fnxn‖ − ‖TjFnxn‖,
‖xn‖ − ‖Wnxn‖ ≥‖W
′
nxn‖ − ‖Wnxn‖ ≥ ‖Tj′W
′
nxn‖ − ‖Wnxn‖,
‖xn‖ − ‖Wnxn‖ ≥‖W
′
nxn‖ − ‖Wnxn‖ ≥ ‖W
′
nxn‖ − ‖Tj′W
′
nxn‖.
But the semigroups S(T1, · · · , Tj−1, Tj+1, · · · , TN), and S(T1, · · · , Tj′−1, Tj′+1, · · · , TN )
have property (W ). So
u = w- lim
n→∞
xn =w- lim
n→∞
Fnxn = w- lim
n→∞
TjFnxn
w- lim
n→∞
W ′nxn =w- lim
n→∞
Tj′W
′
nxn = w- lim
n→∞
F ′nTj′W
′
nxn = v.
By Lemma 2, u (respectively, v) is a fixed point of Tj (respectively, Tj′). We claim
that u is a common fixed point.
For each k 6= j, there exist words Gn such that Fn = (· · · )TkGn. Since the
semigroup S(T1, · · · , Tj−1, Tj+1, · · · , TN) has property (W ) and limn→∞ ‖Gnxn‖−
‖TkGnxn‖ = 0, u is a fixed point of Tk. This implies u is a common fixed point.
Similarly, v is a common fixed point. 
The following lemma was proved by J. Dye, M. A. Khamsi and S. Reich.
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Lemma 4. (Theorem 2 [4]) Let S = S(T1, T2, · · · , TN ) be the semigroup generated
by N contractions on a reflexive Banach space X. If S has property (W ), then
every random product Sn drawn from {T1, T2, · · · , TN} converges weakly.
Proof. Suppose it is not true. There exist a random product Sn, x ∈ X and two
subsequences {nk}, {mk} of N such that
w- lim
k→∞
Snk(x) = u 6= v = w- lim
k→∞
Smk(x).
By passing to a subsequence of {mk} if necessary, we may assume that for every
k ∈ N, nk ≤ mk. Let Wk ∈ S be the words such that Smk = WkSnk . Note:
{‖Snx‖} is a decreasing sequence. So
lim
k→∞
‖Snkx‖ − ‖Smkx‖ = 0.
But S has property (W ).
u− v = w- lim
k→∞
Snkx− Smkx = w- lim
k→∞
Snkx−WkSnkx = 0.
This is a contradiction. So {Snx} converges weakly. 
Theorem 5. Let X be a reflexive Banach space such that for any x 6= 0 the set
{x∗ ∈ X∗ : ‖x∗‖ = 1 and x∗(x) = ‖x‖}
is compact. If S be the semigroup generated by N (W )-contractions {T1, T2, · · · , TN}
on X, then S has property (W ). Hence, every random product drawn from {T1, T2, · · · , TN}
converges weakly.
Proof. Suppose the Theorem is not true. Let N be the smallest number such that
there exists a semigroup S generated by N (W )-contractions {T1, T − 2, · · · , TN}
without property (W ). We note that the semigroup generated by empty set is {I}
and it has property (W ).
Let {xn} be a bouned sequence in X and Wn ∈ S be a sequence of words such
that
lim
n→∞
‖xn‖ − ‖Wnxn‖ = 0
w- lim
n→∞
xn −Wnxn 6= 0.
By passing to a subsequence if necessary, we may assume that
w- lim
n→∞
xn = u 6= v = w- lim
n→∞
Wnxn.
By Lemma 3, both u and v are common fixed points. Let Y be the common fixed
point set. Let Z∗ be the set
{x∗ ∈ X∗ :|x∗(y)| = ‖x∗‖‖y‖ for some y ∈ Y \ 0 and
{W ∗nx
∗} contains a convergent subsequence}.
For any non-zero common fixed point y, if z∗ is a a support functional of y, then
W ∗z∗ is a support functional of y. Assumption implies Z∗ separates the points of
Y . By Lemma 1, we have u = v. This is a contradiction. Hence, S has property
(W ). 
Recall a contraction T is said to satisfy condition (W ′) if ‖x‖ = ‖Tx‖ implies
x = Tx. Suppose T is a (W )-contraction such that T ∗ satisfies property (W ′). If
x∗ is a supporting functional of some fixed point x, then T ∗x∗ is also a supporting
functional of x. But T ∗ has property (W ′). This implies T ∗x∗ = x∗. Hence, we
have the following Theorem.
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Theorem 6. (Remark of Theorem 1 [4]) Let {T1, T2, · · · , TN} be N (W )-contractions
on a reflexive Banach space such that each T ∗j has property (W
′). Then the semi-
group generated by T1, T2, · · · , TN has property (W ).
Remark 1. Indeed, under the assumption of Theorem, Theorem 1 and its Remark of
[4] show there is a contraction projection Q which commutes with Tj for 1 ≤ j ≤ N .
One may ask when the random product converges strongly. The following lemma
shows that it is enough to prove it contains a convergent subsequence.
Lemma 7. Let {T1, T2, · · · , TN} be N (W
′)-contractions, and let Sn be a random
product drawn from them. If there is a subsequence of {Snx} converges strongly,
then {Snx} converges strongly.
Proof. Suppose that {Snkx} converges to z. We claim that z is a common fixed
point.
Suppose the claim were proved. Then ‖Snx− z‖ is a decreasing sequence. So
‖Snx− z‖ = ‖Snkx− z‖ = 0.
This implies Snx converges to z.
Suppose z is not a common fixed point. By passing to a subsequence of {nk} if
necessary, we may assume that there exist a sequence {mk}, words Wk, Tj from S
such that
(viii) nk ≤ mk ≤ nk+1;
(ix) Smk+1 = TjSmk = TjWkSnk ;
(x) Wkz = z and Tjz 6= z.
Since Wk’s are contractions, {Smkx} converges to z. If z 6= Tjz, then ‖Tjz‖ < ‖z‖.
This implies
lim
k→∞
‖Snkx‖ = ‖z‖ > ‖Tjz‖ = lim
k→∞
‖Smk+1x‖.
This contradicts that {‖Snx‖} is a convergent sequence. So z must be a common
fixed point. 
Hence, we have the following theorem.
Theorem 8. Let {T1, T2, · · · , TN} be N (W
′)-contractions. If T1 is compact, then
any random product Sn drawn from them converges strongly.
Remark 2. The above Theorem is still true if {T1, T2, · · · , TN} areN (W
′)-nonexpansive
mappings. For more results of nonlinear nonexpansive mappings, see [6], [7], and
their reference.
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